Time-average statistics of the response of the bilinear hysteretic system to an excitatlou with approxlmately white-power spectral density and approximately Gaussian probability distribution are determined, using electronic-analog techniques. Results are presented for the mean-squared amplitude, the power spectral density, and the probability distribution of the response. The applicability of the Krylov-Bogoliubov method of equivalent linearization to this problem is investigated by comparing predkted and experltnentally measured values of the mean-squared level of response.
INTRODUCTION
N recent years, there has been considerable interest in the application of approximate analytical techniques to problems of determining the response of nonlinear systems to stationary random excitation. TM These analytical techniques have been used with apparent success on a variety of systems, but, in general, there has been little information that could be nsed to gauge the accuracy of these methods in a given application.
One of the systems that has been studied in some detail by these approximate analytical techniques is the so-called bilinear hysteretic system. This system is often used as an approximation to the yielding behavior of both materials and structures; as such, it has considerable importance from an engineering point of view.
Furthermore, the problem of determining the response of such a system to a nondeterministic excitation has obvious importance in light of the types of loading that many modern structures are required to withstand.
Whether the actual excitation in a given situation will approximate a stationary random signal is problematic, but certainly substantial knowledge about the general behavior of such systems can be obtained by a con- Photographs of oscilloscope traces of the elastoplastic function •ci,(x) vs x for several frequencies of periodic motion are reprodnced in Fig. 3 . These photographs show that the function was essentially independent of frequency over the range from 5 to 1000 cps and was, in fact, a good approximation to the ideal elastoplastic function. The curvature of the sides of the hysteresis loop at very low frequencies is due to leakage currents, and the overshoot of ½v(x) at initiation of yield at high frequency is due to finite switching times associated with the circuit. An analysis of the errors introduced by these two effects indicates that they are negligible for the present study. Further error investigation indicates that the circuit described here should represent the system of Eq. 1 to within about 2%.
On the basis of a detailed analysis of the combined errors in the analog circuit and in the response measurements, it is felt that the over-all accuracy of the statistical results is within 4%-50-/o, except for certain limiting cases of probability distribntion. These exceptional cases are discussed later in context.
II. SYSTEM RESPONSE

A. Mean-Squared Level of Response
The mean level is the simplest measure of a random signal, but it tells nothing of the variability of the signal. in [act, in the present study, the mean levels of both excitation and response were zero. One simple measure of how much a signal of zero mean valne varies from that mean value is the mean-square level of the signal. In the present study, the rms level of displacement a• and the rms level of velocity • were measured for the response of the bilinear system. These two measures of the response were both time independent. However, this [act in itself does not necessarily imply that the response was strongly stationary, since the probability distribution was, in general, non-Gaussian. oscillations is very small as compared to the lowerfrequency components present in the displacement.
C. Probability-Distribution Measurements
The probability that a stationary signal exceeds a given level is simply the fraction of the time that the signal exceeds that level. Figure 8 shows the results of probability-distribution measurements for (a) the moderately nonlinear oscillator with a = 1/2 and for (b) the nearly elastoplastic oscillator with a= 1/21. The scales in these graphs are chosen so that the probability distribution of a Gaussian signal plots as a straight line and so that only distributions for positive x are shown, since those for negative x are identical. It should be noted that data points falling below the Gaussian distribution line for some arbitrary level k correspond to situations where the system response spends more time beyond that level than does a Gaussian signal--and the converse is true for points above the Gaussian distribution line.
III. DISCUSSION OF ANALOG RESULTS
Since the characteristics of the response of a linear system are well known, it is natural to discuss the response of a nonlinear system in terms of how it differs from that of a linear system. When the level of excitation of a linear system is raised or lowered, the levels of all measures of response are raised or lowered in direct proportion. Thus, ratios of mean-squared level of response to level of excitation, or of power spectral densit)' of response to power spectral densit)' of excitation, are independent of the level of excitation for a linear system. Similarly, for a linear system response, the probability distribution normalized by the rms level of the response is independent of the level of excitation. When a,/I' is very large, both Figs. 6(a) and 6(b) show that the response is quite similar to that of a linear system with a natural frequency aicoo. Similarly, for a,`/F < 1, the power spectral density resembles that of a linear system with a natural frequency w0. However, close examination reveals that, in the latter case, the low-freqnency spectrnm approaches that of a system with resonance at a":w0 instead of coo. This is especially noticeable in Fig. 6(b) . All of the curves in The second important trend is that, for a=/¾ small, there is a substantially smaller probability of the system response being at large amplitudes than for a Gaussian distribution. This effect can become quite pronounced, as indicated in Fig. 8(b) 
It is immediately apparent from
Caughey has discussed the application of this method to problems of random vibration • and has used the technique for the particular problem of a bilinear hysteretic oscillator with "small" nonlinearitv.:' The assumptions made in obtaining co•q and /•,,q are that (1) the response of the nonlinear system is assumed to be contained within a narrow frequency band; and (2) the probability density of the amplitude of this narrowband response is assumed to be the Rayleigh The analog-computer investigations reported in Sec.
III revealed that the power spectral density of the response of the nonlinear hysteretic system often is not contained within a narrow frequency band. This is particularly true for the nearly elastoplastic system. Further, determinations of probability distribution showed that the response was not, in general, Gaussian. The predicted response is much less satisfactory for the nearly elastoplastic system with a= 1/21 than for a= 1,/2. 'i'he onl• instances in which the Iheorv accurately predicts the effect of the nonlinearity on •., as shown in Fig. 5(a) , is when e,/Y is greater than about 30. The predicted results also agree with the analogcomputer results when a•.,/l" is less than 0.3 for the systems having viscnus damping; in this case, the nonlinearitv has no significant effect on the response. © The prilnary effect of yielding on the responsepower spectral density is to cause a shift in peak frequency with changing excitation level. In some cases, this shift is accompanied by a significant broadening of the response peak or even elimination of the peak.
Thus, it is very unlikely that the
ß The probability distribution of the bilinear hvsteretic system response is strougly influenced by the level of excitation and is, in general, noticeably non-Gaussian. For low-level excitation and no viscous damping, the system exhibits a type of amplitude-limiting behavior.
ß The Krvlov Bogoliubov apt)roximation technique appears to give quite acceptable results for the rms response for systems with small to moderate nonlineartry (a>_ 1/'2) and small finite viscous damping. However, care must be exercised in attempting to apply the tcchni(lue to more nearly elastoplastic systems. that was used, the power spectral density is essentially independent of frequency from about 20 000 cps down to near 100 cps. Below 100 cps, the power spectral density decreases graduMly until at 10 cps, it is down 1-2 dB. The portion of the random signal contained within the frequency band from 0 to 1000 cps is essentially Gaussian. The higher-frequency components have a somewhat uns3nnmetric probability distribution, but this can be neglected since the system con- 
